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1.5DATA TYPES VS. DATA STRUCTURES

Ina programming language,thedatatypeofavariableisthesetofvaluesthatthe
may assume. For example,a variable of typeBoolean can assume eitherthevalutoable
thevaluefalse,but no other value. The basicdata typesvaryfromlanguage-to.l e or

The rulesforconstructingcompositedata typesout ofbasiconesalsovaryfrom
to-language.

An abstractdatatypeisa mathematicalmodel,togetherwithvariousoperationsdefi.
on themodel.As we have know, we shalldesignalgorithmsinterms ofADT's,but toimnle
an algorithmina givenprogramming language we must iindsome way ot

representingtheADT's in terms ofthe data types and operatorssupported by the programming languagoitself.To representthe mathematical model underlyingan ADT we use data strucuwhich are collectionsofvariables,possiblyofseveraldifferentdatatypes,connectedinvario

var

res,

Sways.
A data typeisa termwhich refersto thekindofdata.Itisa well-definedcollection.ofdata witha well-definedset ofoperationson it.

A datastructureisanactualimplementationofaparticularabstractdatatype,i.e.,thisisan extensionof the conceptofthe data type.
Data Type =

=PermittedDataValues+Operations
Data Structure= Organized Data + AllowedOperations

I1.6DATA STRUCTURE OPERATIONSS

The dataappearinginour datastructureisprocessedby means ofcertainoperations.Infacttheparticulardata structurethatone chooses fora givensituationdepends largelyon thefrequencywithwhichspecificoperationsare performed.The followingdatastructureoperationsplaya major rolein processingof data:
1. Creating.Thisisthefirstoperationtocreatea datastructure.Thisisjustdeclarationand initialisationofthe datastructureand reservedmemory locationsfordataelements.2.Inserting.Adding new recordstothestructure.
3.Deleting.Removing a recordfromthe structure.
4. Updating.Itchangesdatavaluesofthedatastructure.
5. Traversing.Accessingeachrecordexactlyonce sothatcertainitemsintherecordmaybe processed.(Thisaccessingor processingissometimescalledvisitingthe records.)6. Searching.Findingthe locationoftherecordwith agiven-keyvalue,orfindingtnelocationsofallrecords,which satisfyone or more conditionsinthedata:7.Sorting.Arrangingthe data elementsinsome logicalorder,i.e.,inascendinganudescendingorder.
8. Merging.Combine the dataelementsintwo differentsortedsetsintoasinglesorteuset.

is
9.Destroying.This must be the lastoperationofthe data structureand applytnoperationwhen no longerneeds ofthe datastructure.

1.7OVERVIEW OF VARIOUS DATA STRUCTURES
(a)Arrays:The simplesttypeofdatastructureisalineararrayand most ofteni theonlydatastructurethatisprovidedinanyprogramming language.An arraycan beae
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asacollectionofhomogeneous elements,intheformofindex/valuepairs,storedinconsecutive

memory locations.An arrayalwayshas apredefinedsizeand the elementsofan arrayare

referencedby means ofan index / subscript.Thus anarrayisa collectionofvariablesofthe
same data typethatsharea common name.The generalform ofa one-dimensionalarrayis

type specifier>arrayname [size]

100 104 108 112 116

Memory Organisationofan Array

Advantages

Searchingisfasteras elements areincontinuousmemory locations.

Memory management istakencareofby the compileritself

Limitations

Number ofelementsmust be known inadvance

Insertingand Deletionsarecostlieras itinvolvesshiftingthe restofthe elements

(6)Stack:A stackisan orderedlistinwhich items areinsertedand
removed at onlyone end calledthe TOP. Thereareonly2 operationsthat

arepossibleon a stack.They arethe Push' and the Pop' operations.A
Push operationinsertsa value intothe stackand the Pop operationretrieves
thevaluefrom thestackand removesitfromthestackaswell.An example
fora stackisa stackofplatesarrangedon a table.Thismeans thatthe
lastitemtobe added isthefirstitem tobe removed.Hence a stackisalso
calledasLast-In-First-OutListorLIFOlist.A graphicalrepresentation
ofa stackisshown below:

Top
C

B

Fig.1.3.

(c)Queue: A queue isanorderedlistinwhich allinsertionscan takeplaceat one end
calledtherearandalldeletionstakeplaceattheotherend calledthefront.The two operations
thatarepossibleina queue areInsertionand Deletion.A realtimeexample fora queue is

peoplestandingina queue forbillingon ashop. The firstpersoninthe queue willbe the
firstpersontoget theservice.Similarly,the firstelementinsertedinthequeue willbe the
firstone thatwillbe retrievedand hence a queue isalsocalledasFirstInFirstOut oor

FIFO list.

Front Rear

Fig.1.4GraphicalRepresentationof a Queue.

The most common oceurrenceofa queue incomputer applicationsisforschedulingof

printjobs.Forexample,ifseveralpeoplearegivingprintrequests,alltherequestget queued
up intheprinterand isprocessedon firstcome firstservebasis.

(d)LinkedLists:Inrealtime systemsmost often thenumber ofelementswillnot be

known inadvance.The majordrawback ofan arrayisthatthe number ofelementsmust be

known inadvance.Hence analternativeapproachwas required.Thisgiverisetothe concept
calledlinkedlists.A linearlistisa linearcollectionofdataelementscallednodes,where the
linearorderisgivenby means ofpointers.The key here isthateverynode willhave two
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ntainsthe
link/addr

ofthenext
node inthe list.Memory

isallocatedf

and willbe freedwhen
not needed.

ed foreverynode when itis
actualy

requite

Darts:firstpartcontains
theinformation/data

and thesecondpartconto:.

Node

AddressofNext NodeData

Node 4
Node 5

Node3Node 2Node 1

Fig.1.5.

A linkedlistisused typicallyincomputerapplicationsformemory allocations,7
keeps tracksofallthe memory availableinthesystemwith the help of a list.Thisten

The sv

his
areaofmemory iscalledasthememory pool.As and when theuserrequestsformemory thes

of

allocatesmemory to the user from thisavailablepóol.Once allocatedthesebioceVsten
deletedfrom the availablelist.Once the userfrees the

memory again the
memory willadded to thelist.Ingenerallinkedlistsare used in almost all placeswheneverà colleetofelementsare requiredand when thenumber of elements in the collectionisnotknownadvance.

(e)Tree:A treeisa non-lineardatastructure.Thisstructureismainlyusedtorepresentdatacontaininga hierarchicalrelationshipbetween elements likefamilytree,organisátionchart etc.

A treeisafinitesetofone ormore nodes such that:
()Thereisaspeciallydesignatednode calledtheroot.
(i) The remainingnodes arepartitionedinton >=0 disjointsetsT1,.,T,where each ofthesesetsisa tree.T..,T,are calledsub-treesoftheroot.

Siblings

Sub-tree

V
InternalNode

ExternalNodesor Leaves

Fig.1.6.

many applícationsincomputerscienceandotherfieldsofscience.Ingeneral,graphsrep

sGraphs:Graph isa
generaltreewith no parent childrelationship.Grapn.



Introductionto Data Structures 9

arelativelylessrestrictiverelationshipbetween the datáitems.A

graph G may be definedasa finitesetV ofverticesand a setE of

edges (pairofconnectedvertices).The notation used isas follows:
Graph G= (V,E).Considerthe graph ofFig.1.7.

The set
ofverticesforthe graphisV= {1,2,3,4, 5).

The set
of edges for the graph isE = {(1,2),(1,5),(1,3),(5,4),

(4,3),(2,3).
Graphs are used ina wide varietyofapplications.A graph can

be used by airlinesformaintainingthe flightinformationsuch as
thevariousflights,theirroutesand thedistancebetween the places,
etc.With the helpofsuch agraph one willbe easilyableto findout whether there isany
flightfora particulardestinationand ifthereareseveralroutestoreachthat destination
which oneishavingtheoptimum distanceorcost,etc.

Fig.1.7.

I1.8 WHAT ISAN ALGORITHM?

Once a data structureforaparticularapplicationischosen,analgorithmmust bedeveloped
that manipulates the relateddata items storedin it.Such an algorithmshouldhaye the

followingfeatures.

1.Itshouldbe freeofambiguity.
2. Itshouldbe concise.

3.Itshouldbe efficient.

An algorithmisa preciseplanforperforminga sequence ofactionstoachievetheintended

purpose.Eachactionisdrawn from a well-understoodselectionofactionson data.

Definition:An algorithmisa step-by-stepfinitesequence of instructions,to solvea

well-definedcomputationalproblem.That is,inpracticetosolveany complex reallifeproblems;
firstwe have todefinetheproblems.Second stepistodesignthealgorithmto solve

that

problem.In addition everyalgorithmmust satisfythefollowingcriteria:

Input:Therearezeroormore quantitieswhich areexternallysupplied:
(i)Output:At leastone quantityisproduced;

(ii)Definiteness:Each instructionmust be clearandunambiguous;
(iu)Finiteness:Ifwe traceoutthe instructionsofanalgorithm,then for allcases the

algorithmwillterminate aftera finitenumber ofsteps;

()Effectiveness:Everyinstructionmust be sufficientlybasicthatitcan inprinciplebe
carriedout by a personusingonlypenciland paper.Itisnot enough thateach operation

be definiteasin(ii),but itmust alsobe feasible.

Informalcomputer science,one distinguishesbetween
an

algorithm,and aprogram.
A

program does notnecessarilysatisfycondition(iv).One importantexample ofsuch a program

foracomputer isitsoperatingsystem which neverterminates (exceptforsystem crashes)

but continuesina wait loopuntilmore jobs are entered.

Therefore,analgorithmcan be definedas a sequence ofdefiniteand effectiveinstructions,

whileterminateswith the productionofcorrectoutput fromthe giveninput.

1.9DESIRABLE ATTRIBUTES FOR ALGORITHMS

Although an algorithmmay satisfythe criteria
of the

previoussectionby being precise,
unambiguous,deterministic,and finite,itstillmay not be suitableforuse

as a computer
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solutionto a problem.The basicdesirableattributesthatan algorithmo.

explainedbelow.

Generality:An algorithmshould solve
a class

of problems,notjustonex

example,an algorithmto calculate
the averageoffourvaluesisnot

one thatcalculatesthe averageofan arbitrarynumber ofvalues

Good Structure:Thisattributeappliesto the constructionof the ol.

well-structuredalgorithmshouldbe createdusinggood buildingblocksthatmakoEhm. A

Explain,

algorithmshould
meet

are

10

justone
problem.

Fo
isnotas

generallyusefn
as

lgo
Ait

easyto:

Understand,

Test,and

Modify it.

The blocks,fromwhichthealgorithmisconstructed,shouldbe interconnectedin

way thatone ofthem can be easilyreplaced
with a betterversionto improve t

algorithm,withouthavingtorebuildit.

Efficiency:An algorithm'sspeed of operationisoften an importantproperty,asio
sizeor compactness. Initially,these attributesarenot important concerns.First,we

nustcreatewell-structuredalgorithmsthatcarryout the desiredtask under allconditions.Thenand onlythen,do we improvethem with efficiencyas an objective.
EaseofUse:Thispropertydescribesthe convenienceand ease withwhich userscanapplythealgorithmtotheirdata.Sometimes what makes an algorithmeasytounderstandforthe user alsomakes itdifficulttodesignforthe designer(andvice-versa).
Elegance:Thispropertyisdifficultto define,but itappears to be connectedwiththequalitiesofharmony, balance,economy of structureand contrast,whose contributiontobeautyintheartsisprized.Also,as withthearts,we seem tobe ableto "know beautywhenseeit".Inalgorithms,sometimes the termbeautyisusedforthisattributeofanalgorithm.Other desirableproperties,such as robustness(resistanceto failurewhen presentedwithinvaliddata)and economy (cost-effectiveness),willonlybe toucheduponinthischapterNot becausethesepropertiesareunimportant,but because the basicattributesofan algorithmshouldbe understoodfirst.

insucha
improvethe

whole

isits

n,

1.10ALGORITHM DESIGNTECHNIQUES
Therearetwo approachesforalgorithmdesign;theyaretop-down and bottom-up algoritnmdesign.

(a) Top-down AlgorithmDesign:The principleof top-down designstatestnaprogramshouldbe dividedintoa main module and itsrelatedmodules.Eachmodule snou
alsobe dividedintosub-modules accordingtosoftwareengineeringand programming s

The divisionofmodules processesuntilthe module consistsonly ofelementarypro
thatare basicallyunderstoodand cannotbe furthersub-divided.Top-down algorithmdesignisa techniquefororganisingand codingprograms nler

a hierarchyofmodulesisused,and
breakingthe

specificationdown intosimplerandsed
hich

pieces,each having a singleentry and a singleexitpoint,and inwhich controlfthe

downward through the structurewithout
unconditionalbranchesto higherlevol

ofstructure.Thatistop-down programming tends to generate modulesthatareve

program ismade ofone
or

always startsand ends with man, but itcancallotherfunctionsto do specialtass*
orogram

functionality,usuallyintheformoffunctionsor
proceduresormethods.

InC,theideaof
top-down designisdone usingfunctions.A C

program1s
more functions,one andonlyone ofwhichmustbe named main.The executionoft
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(b)Bottom-up algorithmdesign:Bottom-up algorithmdesignisthe oppositeoftop-
down design.Itreferstoa styleofprogramming where anapplicationisconstructedstarting
with existingprimitivesof the programming language,and constructinggraduallymore
and more complicatedfeatures,untilthe allofthe applicationhas been written.Thatis,

startingthe designwith specificmodules and buildsthem intomore complex structures,

endingatthe top.
The bottom-up method iswidelyused fortesting,because eachofthe lowest-levelfunctions

iswrittenand testedfirst.This testingisdone by specialtestfunctionsthat callthe low
levelfunctions,providingthem with differentparametersand examiningthe resultsfor
correctness.Once lowest-levelfunctions have been tested and verifiedto be correct,

the

next levelof functions may be tested.Since the lowest-levelfunctionsalreadyhave been
tested,anydetectederrorsareprobablydue tothe higher-levelfunctions.Thisprocesscontinues,

moving up thelevels,untilfinallythe mainfunctionistested.

Fora givenproblem,therearemany ways todesignalgorithmsforit,e.g.,insertionsort
isan incremental approach,Merge sortisa divideand conquer approach.The followingis a

listofseveralpopulardesignapproaches.
1.Incrementalapproach
2. Divideand Conquer approach
3.Greedy approach
4. Dynamic programming approach
5. Backtrackingapproach
6. Branch and bound approach
7. Randomised approach

IncrementalAppraoch
Insertionsortuses anincrementalapproach.

Having sortedthe sub-array[1...j-1],insertthesingleelementA] intoitsproper
place,yieldingthe sortedsub-arrayA[1.j]

Divideand ConquerApproach
Dividetheoriginalproblemintoa setofsub-problems
Solve everysub-problemindividually,recursively

Combine the solutionsofthe sub-problems(toplevel)intoasolutionofthe wholeoriginal
problem.

Greedy Approach

Greedy algorithmsseek tooptimiseafunctionby making choices(greedycriterion)which

arethebestlocallybut do notlookat the globalproblem.The resultisa good solutionbut

not necessarilythe best one.The greedyalgorithmdoes notalwaysguaranteethe optimal
solutionhowever itgenerallyproducessolutionsthat areverycloseinvalue to the optimal.

DynamieApproach

Dynamic programming isa techniqueforefficientlycomputing recurrencesby storing
partialresults.Itisa method of solvingproblems exhibitingthe propertiesof overlapping

sub-problemsand optimalsub-structurethattakesmuch lesstimethannaivemethods.

Branch-and-Bound

Ina branch and bound algorithma givensub-problem,which cannotbe bounded,has to
be dividedintoatleasttwo new restrictedsub-problems.Branch and bound algorithmsare
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methods forglobaloptimisationinnon-convexproblems.Branchand bound al

be (andoftenare)slow,however,inthe worstcasethey requireeffortthatgrouOthmo
withproblemsize,but in some cases we arelucky,and the methods convere
lesseffort.

can
exponential

much

RandomisedAlgorithms
A randomisedalgorithmisdefinedas an algorithmthatisallowedto acceso

independent,
unbiasedrandom bits,and itisthen allowed tousetheserandombitstoin of

a
sOurceof

luence
itscomputation.

BacktrackingAlgorithms

Backtrackingalgorithmstryeach possibilityuntiltheyfindtherightone.Itisa
firstsearchof the set ofpossiblesolutions.During the search,ifanalternatived
work,thesearchbacktrackstothechoicepoint,theplacewhich presenteddifferentaltor ht
and triesthe nextalterative.When the alternativesareexhausted,the searchretumthe previouschoicepointand trythe nextalternativethere. lt there are no more cho:points,thesearchfails.

de

(UPTU
2009-10

I1.11ANALYSIS OF ALGORITHM

Why isitnecessaryto analysean algorithm?Afterdesigninganalgorithm,ithas to hechecked and itscorrectnessneeds to be predicted;thisis done by analysingthealgorithm.Thus,an algorithmanalysismeasuresthe efficiencyofthealgorithm.The efficiencyofanalgorithmcan be checked by:
Correctnessofan algorithm
Implementationofanalgorithm
Simplicityofanalgorithm
Executiontimeand memory requirementsofan algorithmThealgorithmcan be analysedbytracingallstep-by-stepinstructions,readingthealgorithmforlogicalcorrectness,and testingiton some datausingmathematicaltechniquestoprove

itcorrect.Another typeof analysisisto analysethe simplicityof the algorithm.That1,designthealgorithmina simpleway so thatitbecomes easiertobe implemented.However,
thesimplestand most straightforwardway ofsolvinga problem may not be sometimesthe
bestone.Moreovertheremay be more than one algorithmto solvea problem.1.11.1TypesofAnalysis

1.Worstcaserunningtime
2. Averagecaserunningtime
3.Bestcaserunningtime

,

(UPTU2007)
input

WorstCase RunningTime
.Thebehaviourofthealgorithmwithrespectto the worstpossiblecaseoru
instance.

timefor

The
worst-caserunningtimeofanalgorithmisanupperbound ontherunning

any input.Knowing itgivesus a guaranteethattheitem does notoccur inaaa
.Thereisno need to make an

educatedguess abouttherunningtime.
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AverageCase RunningTime

The expectedbehaviourwhen theinputisrandomlydrawn fromagivendistribution.

The average-caserunningtimeofan algorithmisanestimateoftherunningtime
for

an'average"input.

Computation of average-caserunningtime entails"knowing allpossibleinput

sequences,the probabilitydistributionofoccurrenceofthesesequences,and
the running

timesfortheindividualsequences.
Often itisassumed thatallinputsofa givensizeareequallylikely.

BestCase RunningTime

The behaviourof the algorithmwhen inputisinalreadyinorder.Forexample,in

sorting,ifelementsarealreadysortedfora specificalgorithm.

The bestcase runningtimerarelyoccursinpracticecomparativelywith the firstand

second case.

The choiceofa particularalgorithmdepends on followingperformanceanalysisand

measurements:
1.Spacecomplexity
2. Timecomplexity

1.11.2Space Complexity
Analysisof spacecomplexityof an algorithmor program isthe amount

of memory it

needs toruntocompletion.Some ofthe reasonsforstudyingspace complexityare:

1.Iftheprogram istorunonmulti-usersystem,itmay be requiredtospecifytheamount

ofmemory tobe allocatedtotheprogram.

2. We may be interestedto know inadvancethatwhethersufficientmemory isavailable

toruntheprogram.
3.Theremay be severalpossiblesolutionswithdifferentspace requirements.

4. Itcanbe used toestimatethe sizeofthe largestproblemthataprogram can solve.
The spaceneeded by a program consists

offollowingcomponents.

InstructionSpace:Space needed to storethe executableversion oftheprogram and

itisfixed.
Data Space:Space needed to storeallconstants;variablevaluesand has further

two components:
(a)Spaceneeded by constantsand simplevariables.This space isfixed.

(6)Spaceneeded by fixedsizedstructuralvariables,suchasarraysand structures.

()Dynamicallyallocatedspace.Thisspace usuallyvaries.
Environmentstackspace:Thisspaceisneeded to storethe informationto resume

thesuspended(partiallycompleted)functions.Each time a functionisinvokedthe following

dataissaved on the environmentstack:

(a)Returnaddress:Forexample,from where ithas to resume aftercompletionofthe

calledfunction.

(6)Valuesofallleadvariablesand the valuesofformalparametersinthe functionbeing

invoked.

The amount ofspace needed by recursivefunctioniscalledthe recursionsttackspace.
or each recursivefunction,thisspace depends on the spaceneeded by the localvariables
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and the formalparameter.Inaddition,thisspacedepends on the maximum A
recursioni.e.,maximum number ofnested recursivecalls. depthof

the

(UPTU
2005,07

1.11.3Time Complexity

Thetimecomplexityofanalgorithmoraprogram isthe amount oftimeitnoss7)tocompletion.The exacttimewilldepend on the implementationofthealgorithm,pDroclanguage,optimisingthe capabilitiesofthe compilerused, the CPU speed,otherhoming
characteristics/specificationsand so on.To measure the time complexityaccuratelytocountallsortsofoperationsperformedinan algorithm.,Ifwe know the timefor veofthe primitiveoperationsperformedina givencomputer,we can easilycompute thanetakenby an algorithmtocomplete itsexecution.Thistime willvaryfrom machine-to.mamBy analysingan algorithm,itishard tocome out with an exacttime required.To fieexacttime complexity,we need to know the exactinstructionsexecuted by the harduoand the time requiredforthe instruction.

The timecomplexityalsodepends on the amount
ofdatainputedtoanalgorithm.But we cancalculate
the orderof magnitude forthe timerequired.That
is,our intentionistoestimatethe executiontimeof
an algorithmirrespectiveofthe computermachine
on which itwillbe used.

rdware
w

ware

DO YOU KNOW7
The complexityofan algorithmisa functionf(n)whichmeasures thetime
and/orspace used by an algorithminterms ofthe inputsizen.Some ofthereasonsforstudyingtimecomplexityare:1We may be interestedto know inadvancethatwhether an algorithm/programwillprovidea satisfactoryrealtimeresponse.

2. Theremay be severalpossiblesolutionswithdifferenttimerequirementsThe timecomplexityofa program depends on allfactorsthatthe space complexitydependson.I1.12TIME-SPACETRADE-OFF .

Incomputer science,aspace-timeortime-memory trade-offisa way ofsolvinga problemorcalculationinlesstimeby usingmore storagespace (ormemory), orby solvinga probleminvery littlespace by spendinga longtime.So ifour problem istakinga longtime butnot
much memory, a space-timetrade-offwouldletwe use more memory and solvethe problemmore quicklyor,ifitcouldbe solvedveryquicklybut requiresmore memory than,we cantryto spend more timesolvingtheprobleminthe limitedmemory.We may Bometimes seek a trade-offbetween space and timecomplexity.Forexample,we may have tochoosea data structurethatrequiresa lotofstorageinordertoreducecomputationtime.Therefore,the programmer must make ajudiciouschoicefrom anintoripointof view.The programmer must have 8ome verifiablebasisbased on which a

dastructureor algorithmcan be selected.Complexityanalysisprovidessuch a basis.The Dalgorithm(orprogram)to solvea givenproblemisone thatrequireslessspaceinmeand takes lesstime tocompleteitsexecution.But inpractice,itisnot always poss1Diachieve both of these objectives.One algorithmmay requiremore spacebut lesslcompleteitsexecutionwhile the otheralgorithmrequireslesstime spacebut take5Ttime tocomplete itsexecution.Thus, we may have tosacrificeone atthecostoftheotnhethespace isour constraint,thenwe havetochoose a program that requireslessspa.Itimecostofmore executiontime. On the other hand, iftimeisour constraintsuchas in re

:0
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system,we have tochoose a program thattakesless
time to completeitsexecution at the costof more DO YOU KNOW?

space. The time-spacetradeoffrefersto a
choicebetween algorithmicsolutionsof
adataprocessingproblem thatallows

one to decreasethe runningtimeofan

Over 50 yearsofresearchesforalgorithmsrelated
to differentproblem areaslikedecision-making,
optimisationetc.and scientists have tried to

algorithmicsolutionby increasingtheconcentrateon computationalhardness ofdifferent
solutionmethods.The studyoftime-spacetrade-offs,
i.e.,formulaethat relatethe most fundamental complexitymeasures,time and space,was
initiatedby Cobham, who studied problems like recognisingthe set of palindromeson
Turing machines.There aretwo main linesof motivation forsuch studies:one isthelower
bound perspective,where restrictingspace allowsyou to prove generallowerbounds for
decisionproblems;the other lineisthe upper bound perspectivewhere one attemptstofind
time efficientalgorithmsthatarealsospaceefficient(orvice-versa).Also,upperbounds are
interestingforfinding,in conjunctionwith lower bounds,the computationalcomplexityof
fundamental problems such as sorting.So, mainly algorithmsare constrainedundertwo
resourcesi.e.,time and space.However,therearecertainproblemsforwhich itisdifficult
or
even impossibleto findsuch a

solutionthatisboth timeand space efficient.Insuch
cases,thealgorithmsarewrittenfor specificresourceconfigurationand also taking in
considerationnatureofinputinstance.Fundamentally,we measure eitherofthe spaceand
time complexitiesas a function ofthe sizeof the inputinstance.However,itisalsolikelyto
depend upon natureofthe input.So, letusdefinethe time and space complexityasbelow:

Time Complexity T(n):An algorithmA fora problemPissaidtohave timecomplexity
ofTon)

ifthe
number ofsteps requiredto completeitsrunforaninputofsizen isalways

lessthan equal to T(n).

spacetostorethe dataand viceversa.i

SpaceComplexityS(n):An algorithmA fora problemPissaidtohave spacecomplexity
of
S(n)iftheno. ofbitsrequiredtocompleteitsrun foraninputofsizen isalwayslessthan

equal to S(n).
Ifwe consider,bothtimeand spacerequirements,generalformatistousethe quantity

(time * space) fora given algorithm.T(n)*S(n)isthereforequitehandy to.estimatethe
overallefficiencyof an algorithmin general.The amount ofspacecan easilybe estimated
for most of the algorithms directlyand the measurement ofrun-timeof algorithm
mathematicallyormanually by testingcan tellustheefficiencyofthe algorithm.From here
we can establish,therangeofthisT*S term,thatwe can afford.Allalgorithmsthatliein
thisrangearethen acceptabletous.

I1.13ASYMPTOTIC ANALYSIs

We willlearnabout varioustechniquesto bind thecomplexityfunction.Infact,ouraim is
nottocountthe exactnumber ofstepsofa program ortheexactamount oftimerequiredfor
executinganalgorithm.Intheoreticalanalysisofalgorithms,itiscommon toestimatetheir

complexityinasymptoticsense,i.e.,to estimatethecomplexityfunctionforreasonablylarge
lengthofinput'n'.Big Oh (0)notation,omega (0)notationand theta(®)notationareused
forthispurpose.

1.13.1Asymptotic Notation
The notationswe use todescribetheasymptoticrunningtimeofanalgorithmaredefined

intermsoffunctionswhose domains arethe setofnaturalnumbers N= (0,1,2...Such
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notationsareconvenientfordescribing
the worst-caserunning-timefunot:.

usuallydefinedonlyon integerinput
sizes.

Why areasymptoticnotationsimportant?

1.They givea simplecharacterisationofan algorithm'sefficiency.

2. They allowthe comparisonofthe performances
ofvariousalgorithms

(a)Big-ohNotation
We haveOD, calledbig-oh,which representstheclassoffunctionsthatg

thanf.Thismeans thatforallvaluesofngreaterthansome thresholdng allofti
inO) have valuesthatareno greaterthanf.The classOD has fasan upp

rowno
fasterfthe

functionssfasan
upperbound,s0none ofthefunctionsinthisclassgrow fasterthanf.

Formallythismeans thatifg(a)e O().stn)=ef(n)foralln =ng (wherecis
constant).

ecisa
positive

Poragivenfunctiong(n),we denoteby O(g(n))(pronounced"big-ohofg of"ors0ma
ust"ohofg ofn) the setoffunctions.

Ogn))
= Ua):thereexistpositiveconstantsc and ng such that:

es

0fn)scg(n)foralln2ngj

We use 0-notationto givean upper bound on a function,to withina constantfactor
Figureshows the intuitionbehind0-notation.Forallvalues n tothe rightofn,the valueothe functionf(n)ison or below g(n).

Thus,big-ohisthe formalmethod ofexpressingthe upperbound ofanalgorithm'srunningtime.Itisthemeasureofthe longestamount oftime itcouldpossiblytakeforthe algorithmtocomplete.
Thisistheclassthatwillbe ofthe greatestinterestto us.Consideringtwo algorithms,we willwant to know ifthe functioncategorisingthe behaviour of the firstisinbigoh of the second.Ifso,we know thatthe secondalgorithm does no betterthanthefirstinsolvingthe problem.

O (1):Pronounced"orderT and denotingafunctionthatrunsinconstanttime.
O (n):Pronounced"orderN" and denotinga

DO YOU KNOW?functionthatrunsinlineartimne.
O (N):Pronounced"orderN squared"and Asymptoticmeans alinethattedenotinga functionthatrunsinquadratictime.

.O (logN): Pronounced"orderlogN and
denotinga functionthatrunsinlogarithmictime.

Convergeto a curve,which may ormay

not-eventuallytouch the curve.lt18
linethatstayswithinbounds.

time
O(NlogN):Pronounced"orderN logN" and denotinga functionthatruproportionaltothe sizeofthe problemand thelogarithmictime.O(N!):Pronounced"orderN factorial"and denotinga functionthatruns*time

orial

PropertiesoftheBig-ohNotation
1.Constantfactorsmay be ignoredBuch as3n and 50nareboth O(n°).2. Higherpowersofn grow fasterthanlowerpowers.3. The growth rateofthe sum oftermsisthegrowthrateofitsfastestgrow5n3+2nisO(nS).

eg
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4. Iffisa polynomialofdegreed,thenfisO(n").
5. Exponentialfunctionsgrow fasterthan powers.
6. Logarithmsgrow more slowlythan powers.
7. The productofupper bound offunctionsgivesan upperbound forthe productofthe

functions.For example,iffisO(n) and g isO(logn),thenfgisO(nlog n).

LimitationofBig-ohNotation
Big-Oh Notationhasfollowingtwo basiclimitations:
1.Itcontainsno effortto improvethe programming

methodology.Big-OhNotationdoes not discussthe
way and means to improve the efficiencyof the
program,but ithelpstoanalyseand calculatethe
efficiency(by findingtime complexity))of the

cgn)

f(n)

program.
2. Itdoes not exhibitthe potentialof the constants.

For example,one algorithmistaking1000 n2 time

toexecuteand theothern® time.The firstalgorithm
isO(n ),which impliesthat itwilltake lesstime

thantheotheralgorithmwhichisOns).However
inactualexecution the second algorithmwillbe
fasterforn < 1000.

fn)= O (g(n))

Fig.1.8.

(6)Big-omega Notation

JustasO-notationprovidesanasymptoticupperbound
on a function,Q-notation providesan asymptotic lower

bound.

f(n)

Fora given functiong(n),we denoteby 2 (g(n)
pronounced "big-omega ofgofn"orsometimes just"omega
ofg ofn") cg (n)

2 (g(n))={f(n):thereexistpositiveconstantsc
and n such that:

0s eg(n)sf(n).foralln2ng}.
Thisisalmostthe same definitionas Big-ohexcept

that"fln)2 g(n)",thismakes g(n)a lowerbound function
insteadofan upper bound function.Itdescribesthe best

thatcan happen fora givendatasize.

Becausewe areinterestedinefficiency,2 ()willnot
be ofmuch interesttousbecause 2 (n*),forexample,includesallfunctionsthat grow faster

thann includingn and 2".

f(n)=Q (g(n))

Fig.1.9.

(c)ThetaNotation

The lowerand upper bound forthe functionT isprovidedby the thetanotation.Fora

givenfunctiong(n).
We denote by e(g(n))the setoffunctionsas:
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O)={f(n):thereexist
positive

constantsc

andnsuchthat:

Scgn)sf(n)
sc2g(n)

foralln 2 ng}

A functionf(n)
belongs

tothe sete(g(n))ifthere
exist

positiveconstants
c and C,such

thatit can be

"sandwiched"
between c,g(n)

and cggín),
forsufficiently

largen.

rE

1.

Formally,
thisclassoffunctions

isdefinedas the

placewhere
big-omega

and bigoh overlap,soBG)
= 2)

uOh.
When we consideralgorithms,

we willbe interested

infindingalgorithms
thatmightdo betterthan the one

we areconsidering.So, finding
one thatisinbigtheta

inotherwords,isofthe same complexity)isnot very

interesting.

Thus asymptoticnotationgives
us a way to expresstheir relationship.

c
tt

te no

B f(n)=e (otn))

e: Fig.1.10.

of

t
Iffn)isOgn))thismeans f(n)growsno fasterthang(n).

a ffa)isQgn))thismeans f(n)grows no slowerthang(n).

Iffn)is6gn))thismeans fn)and g(n)grow atthe same rate.

EXAMPLE 1.2.Suppose thatitisknown thatrunningtime ofone algorithmisalways
N logN and the runningtime ofanotheralgorithmisalways about N3.What canyousay
about therelativeperformanceofthe algorithm?

Solution:The rateofgrowth ofalgorithmsareshown in
thegivenFig.1.11.

Itcan be seen thatnumber ofcomparisonsrequired
inN logN islessthanNs.Thus,itcan be seen thatN
logNisbetterthan s, N° runningtime shows thatthe
runningtimeisoflinearequationwhereas N logNisthe
recursiveequationand therunningtimeoftherecursive
functiondepends upon divideand conquertechnique.Weknow divideandconquer techniqueisalwaysbetterthanthelinearequation.So,theperformanceofN logNisalwaysbetterthanthe N'.

N
N logN

N (inputsize)

1.14ABSTRACT DATA TYPES (ADT) Fig.1.11.
An AbstractData Type (ADT)isdefinedasa mathematicalmodel ottnWe can

jects
that

anAbstractDataType (AD'T)asa
mathematicalmodel withacollection

rsection,

canthink
0

c

onthatmodel.Setsof
integers,togetherwiththeoperationsofunion,1ering

Operations

the

etined

make up a datatypeaswellasthefunctionsthatoperateon theseobjects
We

difference,form a simpleexample of an ADT. So,a usefultoolforspe
propertiesofa datatypeis abstractdatatype.

section,
and

ingthe
loge

1
AnAbstractDataType(ADT)isthe

specificationofthedatatypew
thelogicaland mathematicalmodel ofthedatatype.

whichspeciñes


